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An algorithm is presented for computing the Gaussian maximum likelihood estimator of the 
parameters of a multivariate continuous time autoregressive process with multiple roots that equal 
zero. Some of the variables might be observed at a point in time (‘stocks’) and some might be 
observed as an integral over a unit interval (‘flows’). This algorithm, based on the Kalman-Bucy 
filter, is used to investigate the possibility that previous findings that money Granger-causes 
industrial production spuriously arose because time-averaged variables were analyzed using 
discrete time methods. 

1. Introduction 

Economic time series are rarely stationary, but often can be approximated 
by stationary autoregressive processes after they have been differenced; see, 
for example, Granger and Newbold (1977, pp. 176-179). The treatment of 
discrete time models with integrated processes has received enormous atten- 
tion and the issues are in general well understood. However, handling the 
analogous continuous time models is more difficult, particularly if a variable 
corresponds to a flow or a time-averaged measurement of a stock. A number 
of papers have considered maximum likelihood estimation of stationary con- 
tinuous time autoregressions; see, for example, Bergstrom (1976,1983), Phillips 
(1959), Phadke and Wu (1974), Jones (1981), Harvey and Stock (1985), and 
Zadrozny (1988). In addition, Hansen and Sargent (1981) and Christiano, 
Eichenbaum, and Marshall (1987) discuss frequency domain approaches to 
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handling rational expectations models with integrated processes in continuous 
time. 

This paper sets out a general procedure for computing the exact maximum 
likelihood estimators of the parameters of a higher-order continuous time 
autoregression with stock and flow variables, when some of the variables are 
integrated of positive integer orders. Specifically, we present an algorithm, 
based on the Kalman-Bucy (1961) filter, for computing the likelihood in the 
case that the continuous time autoregression has multiple zero roots, corre- 
sponding to multiple unit roots in a discrete time autoregression. This algo- 
rithm can also be used to estimate systems with cointegrated variables if the 
cointegrating vectors are known a priori, as in the models considered by 
Hansen and Sargent (1981) and Christiano, Eichenbaum, and Marshall (1987) 
or if they are estimated in a previous stage. In addition, the algorithm can be 
extended to irregularly spaced data or missing observations using the tech- 
niques discussed in, for example, Harvey and Stock (1985). To simplify 
exposition, however, it is presented here for the case of equally spaced 
observations. 

The algorithm for a multivariate process containing both stock and flow 
variables with orders of integration zero and one is presented in section 2. The 
key step in deriving the algorithm is expressing the observable variables in 
terms of unobservable unit integrals of the mean-square derivatives of the 
state variables that enter into the stochastic differential equation system. These 
integrals can be expressed in terms of lower-order integrals of the state 
variables, which are in turn included in an augmented state vector. The 
observable variables can then be expressed as linear combinations of the 
elements of this state vector; this permits the application of the Kalman filter. 
An alternative approach is to work in levels using the strategy suggested by 
Zadrozny (1988) with the initial conditions handled as in, for example, Ansley 
and Kohn (1985). An advantage of the approach presented here is that, when 
it applies, it offers substantial computational simplifications. 

In section 3, we briefly describe how this approach can be extended to 
variables with higher orders of integration, illustrating this extension for a 
univariate doubly integrated process observed as a flow. 

In section 4, we examine the possibility that previous findings that money 
helps to predict output might spuriously have arisen by estimating discrete 
approximations to continuous time models. Eichenbaum and Singleton (1986), 
Christian0 and Ljungqvist (1988), and Stock and Watson (1989) provided 
evidence that the proper handling of the apparent unit roots and time trends 
in discrete time models of money and output is important in determining the 
significance of conventional Granger-causality test statistics. In addition, 
Christian0 and Eichenbaum (1987) showed that even if money does not 
Granger-cause output at a fine time interval, after the series are aggregated to 
a coarser frequency money will nevertheless contain information that is useful 
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in predicting future output. This raises the possibility that money might not 
help to predict output in a continuous time model, but might spuriously do SO 
in discrete time models, either because temporally aggregated data are used or 
because the restrictions in the discrete time model differ from those in the 
underlying continuous time model, or both. This is investigated in section 4 
using monthly U.S. data from 1960 to 1985. The results provide some support 
for the view that the predictive role of money in discrete time models might in 
part be a spurious result of using temporally aggregated data. 

2. Multivariate models with integrated mixed stock/flows data 

This section presents an algorithm for evaluating the exact Gaussian likeli- 
hood for multivariate data generated by a system of stochastic differential 
equations in which the continuous time system contains roots that equal zero, 
and these zero root conditions are imposed. ’ The variables can be observed 
either as stocks or as flows, and some or all of the variables might have a zero 
root in their continuous time autoregressive representations. An important 
special case of this algorithm is the computation of the likelihood for a 
univariate flow process with a single zero root, such as might be appropriate 
for a univariate model of GNP. However, the multivariate formulation is of 
additional practical importance in at least three contexts. 

First, suppose that one of the variables is stationary while another of the 
variables is integrated. Then it might be desirable to impose this zero root so 
that the usual asymptotic theory (predicated upon stationary processes) ap- 
plies. An example of this situation might be a bivariate model relating the 
unemployment rate to changes in GNP, with unemployment modeled as a 
stationary variable observed at a point in time (say, the last survey date before 
the end of the quarter) and GNP modeled as a flow with a single continuous 
time zero root. 

Second, these variables might individually be integrated but jointly be 
cointegrated as defined by Engle and Granger (1987) so that the number of 
zero roots in the multivariate specification is less than the number of zero 
roots in the individual univariate specifications. This situation has been 
extensively studied in discrete time models [e.g., Engle and Granger (1987) and 
Dickey (1986)] and has been examined in continuous time rational expecta- 
tions models by Hansen and Sargent (1981) and Christians, Eichenbaum, and 
Marshall (1987). In both cases, the reduced number of zero roots in the 
multivariate model can be imposed by reformulating the system in terms of 
stationary linear combinations of contemporaneous variables and first differ- 

‘The procedures in Harvey and Stock (1985) and Bergstrom (1985) can handle special cases 
with roots that equal zero, although even then the zero root restrictions are difficult to impose. 
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ences of the remaining nonstationary variables, a specification referred to as a 
vector error correction model. 

Third, two variables might individually be integrated processes and not be 
cointegrated, so that their bivariate representation contains two roots that 
equal zero. We will argue in section 4 that postwar U.S. monthly Industrial 
Production and Ml are two such variables. 

2.1. The model and notation 

Suppose that n observed variables are arranged in the vector y so that 
r, = [ yIso’ AyIsl’ ytfo’ Aytfl’]‘, where Ytsj is a nsj vector of stock variables that 
are integrated of order j, q” is a nfj vector of flow variables integrated of 
order j, Ax, = x, - x,-r, and n = n,, + nsl + n f. + n fl. We adopt the conven- 
tion that Y, refers to the observable discrete time variables and y(t) refers to 
their continuous time counterpart. Let t(t) = [y”‘(t)’ DyS’(t)’ yfO(t)’ 
Dy “(t)‘]‘. Then t(t) is assumed to obey the system of pth-order stochastic 
differential equations, 

dDP-‘t(t) = [@-‘S(t) + ... +A&) + 81 dt + dS*(t), (2.1) 

where A,, . . . , A, are n x n matrices, B is a n x 1 constant vector, and l*(t) is 
a n-dimensional Wiener process with covariance matrix 2,. The unknown 
parameters of the system are contained in A,, . . . , AC, Z,, and 8. See Bergstrom 
(1983) for a discussion of higher-order stochastic differential equations in the 
case when there are no zero roots (i.e., n,, = nfl = 0). 

If there are integrated variables in the system, the stochastic differential 
equation for y(t) will contain zero roots and will be unstable. Attempting to 
estimate such a system directly using the approach of Jones (1981) and Harvey 
and Stock (1985) presents a practical problem since it requires the diagonaliza- 
tion of a state transition matrix with multiple zero roots. Moreover, the levels 
specification does not readily lend itself to imposing the zero roots. We 
address these difficulties by treating (2.1) as a stable system in the unobserv- 
able variables E(t). For flow variables with a single zero root - the case 
considered in this section - the observable process will be a double integral of 
Dy(t), plus correction terms given below. 

The key idea is to formulate the discrete time state space model so that (i) 
the continuous time roots that equal zero are imposed in such a way that the 
discrete time state space model has no unit roots, and (ii) a linear combination 
of the state vector can be observed as a stationary transformation of the basic 
variables. The formulation (2.1) achieves the first objective. The second is 
accomplished by writing the measurement equation of the state space model in 
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terms of first differences of the nonstationary variables. To this end, note that 

(2.2a) 

Aysl =y”‘(t) -y”‘(t - 1). (2.2b) 

It is shown below that the variables y”‘(t) and /yfl( r)dr in (2.2) can be 
expressed in terms of integrals of the elements of E(t) and its lags. 

2.2. 

It 

State space formulation 

is convenient to rewrite (2.1) in first-order form, 

dt*(t)= [A[*(t)+RB]dt+Rd{*(r), (2.3) 

where 

Following Jones (1981) and Harvey and Stock (1985), we diagonalize the state 
transition matrix A. As is discussed below, this facilitates the explicit evalua- 
tion of integrals that appear in the discrete time transition matrix for the 
system (2.3) and reduces the number of computations in the Kalman filter 
recursions. Accordingly, assume A to have the eigenvalue decomposition 
A = GAG-‘, where the eigenvalues X,, i = l,.. ., np, are distinct and have 
negative real parts. Let p = G-‘RIG, d{(t) = G-‘R dl*( t), and a(t) = G-‘[*( t). 
Then (2.3) can be rewritten as 

da(t) = [Aa + P] dt+ d{(t). (2.4 

For 7 > t - 1, CX( t) satisfies 

(qT) = e4-(‘-‘)) a( t - 1) + IT eAcTes)p ds + /’ eA(7-s)d{(S). 
r-1 I-l 

(2.5) 

Set r = t in (2.5), so that the evolution of the transformed state vector at unit 
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intervals of (discrete) time is given by 

a,= Tq,+y+q, (2.6) 

where T= e*, y = llL1e n(rPs)~ ds = JV~$L with PVn] = A ‘( T - Z), and where 

qr = Le *(‘-‘)d{(S). 

To construct the augmented state vector, note that 

AqS1 =y”‘(t) -y”‘(t- 1) = l;t_lDyS1(r)dq 

y”(t) -yfl(t- 1) = [;t_lDyfl(+, 

(2.7a) 

(2.7b) 

(2.7~) 

Dyfl(s)dsdr=[=~_lyfl(+-yfl(l-l). (2.8) 

Combining (2.2) (2.7~) and (2.8) one obtains 

Aqfl = Ir=,_,[l,_, Dy”(s)dsdr +y”(t - 1) 

- ~:ti2~:t-2 Dy”(s)dsdr-y”(t-2) 

+ 
/ 
‘-’ Dy”( r) dr. (2.9) 

7=1-2 

Thus (2.7a), (2.7b), and (2.9) express stationary transformations of the observ- 
able discrete time variables in terms of integrals of elements of t(t). 

The integrals in (2.7) and (2.9) can be related to a(t) by defining two 
selection matrices: a (n f. + n,, + nfI) X np matrix 

where 0, is a conformable matrix of zeros with m columns and Z, denotes the 
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m x m identity matrix, and a nt, x (n,, + n,, + nfl) matrix 

Z’21 = [R,, +n,o LJ . 

Thus 

Z’%(t) = [Dy”‘(t)’ y”(t) Dy”(t)‘] 

and Z[2]Z[‘]ar( r) = Dy f’( t). Also define the first and second integrals of the 
integrated linear combinations of CX( t) to be 

&I( T) = ZL1l~i_l_la(s) ds. 

= p1 
/ 

t a[‘]( T) d7, 
7=1-l 

(2.10a) 

(2.10b) 

and let (Y[‘]= at’](t). The definitions (2.10) and the eqs. (2.7)-(2.9) permit 
rewriting he stationary transformations of the integrated variables in terms of 
a(t), @I, @I, and their first lags: 

Wsl = ( zns, o o)@, 

yfO = (0 z”fo o)@, 

Ayf’ = &@I + Z4411 
, f t-1. 

The augmented state vector of the discrete time system is CY: = [CX; c$]’ (~j~]’ 
CX~!\ @1,]‘. The transition equation for CX, is given by (2.6). To obtain the 
transition equation for ajil, substitute (2.5) into (2.10a): 

a[‘]( T) = Z[ll~i=~_leA("(")L,( t - 1) ds 

(2.11) 
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Thus, letting 7 = t, one obtains 

&I = pl~[ll(y,_l + p + #I, 
f (2.12) 

where W[l] = A-‘(T- Z), y[‘] = Z[11~[21p with JV[~] = A-‘(W[ll - Z), and 

where q/l] = Z[l]/s’=,_llrS=t_leA(s-‘)d~(r)ds. 
The transition equation for ~11~1 is found by integrating (2.11) from t - 1 

to t: 

a;21= Z[2]Z[11~~,~~~~~_led(r-(i~1))~(t - l)d.sdr 

+Z[21Z[111J’_r~1~~~_1~=,_leA(‘-r)d3( r) ds dr. (2.13) 

Rewriting (2.13) and evaluating the first two sets of integrals, we have 

(yPl = zPlzwlpp(yt_l + p + 421, 
f (2.14) 

where y PI = ~14p~[31~ with w L31 = K’(W[‘l - +Z), and where ~1~1 = 

Z[21Z[111rf=l_lls7_t_-lJrS=,_-le “(S-‘)d{(r)dsdr. Note that vi11 and nj2] involve 
continuous time disturbances occurring only between t - 1 and t. 

Combining (2.6), (2.12), and (2.14), one obtains the augmented state vector 
and its discrete time transition equation: 

a; = T+& + R+y+ + R+q+ f’ (2.15) 

where 

T 0 0 0 0’ 

zIq,pl 0 0 0 0 

a; = z’21z’11w[21 0 0 0 0 , 

0 z 0 0 0 

0 0 z 0 0 

I z 0 0 
0 z 0 

R+= 0 0 1 , y+= 

0 0 0 
0 0 0 

1 
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The measurement equation, which relates the stationary transformations of 
the observed variables to the elements of the augmented state vector, is 
obtained by combining (2.2) and the expressions that follow (2.10b). Thus: 

- r(Z,so - 

I_ 
0)G 0 0 0 0 at 

0 (my4 0 0 0 ajl’ 

= 
0 (0 zn,, 0) 

I_$] 
0 0 0 ’ 

a’! I 1 

0 0 Z 
“fl 

$21 -1 
“r1 _ a?$ f 

(2.16) 

where the selection matrix is partitioned conformably with c$. The measure- 
ment equation (2.16) can be written more compactly as 

Y, = z+a;. (2.17) 

Note that Aysl and Ytfo are treated symmetrically in the measurement 
equation.2 

2.3. The Kalman jilter 

The Kalman filter is given by the usual set of equations for a complex- 
valued state vector. Let Q = ET$$‘, where X’ denotes the complex-conjugate 
transpose of x. Also let a!, I_1 and i$,_ t, respectively, be the prediction of the 
state vector made at t - 1 and its covariance matrix, and let a: and P:, 
respectively, denote the filtered or predicted values of (Y, at time t and its 
covariance matrix. With this notation, the prediction equations of the Kalman 
filter are 

P,l;t-I = T+P/_,T+’ + R+QR+‘. 

The forecast errors are Y, = Y - ZtaT,t_l, and the updating equations are 

a+ = a+ 1 ?,,-_1 + PJ1-lZ+‘<-lvt, 

P;t = PJ,_l - P(;,_lZ+‘F,-‘Z+P(;,_l, 

‘A Gaussian measurement error could be added to the measurement equations, (2.16). Such a 
formulation would, however, imply that the measurement errors are introduced differently 
depending on the order of integration of the variable. 
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where F,, the covariance matrix of vI, is given by F, = ZtP~t_l~t’. Estimation 
proceeds by maximizing the Gaussian likelihood function as discussed in 
Jones (1981) and Harvey and Stock (1985). 

2.4. Calculation of disturbance covariances 

The Kalman filter equations depend on the covariance matrix Q, which 
consists of nonstochastic integrals over t - 1 to t. Let 

QOO QO’ Q02 

Olr 
Q = Q Q” Q’* , I I Qo2’ Q’2’ Q22 

where Qoo = En,!;, Q”j = ~n~ii’1’ for j = 1,2, and Q’J = EqIiljI”’ for i, j = 

1,2. To calculate the integrals comprising Q iJ, we adopt the heuristic device of 

first rewriting the innovations vii1 as single weighted integrals of d{(s) from 

t - 1 to t. In the case of #I, 

= z[ll~r_~_l~l_pA(‘-‘)dsdS(r) 

= @I 
/ 

f A_l[e*(‘-‘)-1]dl(r). 
r=t-1 

A similar calculation applies to nj2]. Thus: 

p = @IA - 
I 

l,Pl _ Z[11~~1,[11 
t I 3 (2.18a) 

17t 
[21 = Z[21Z[‘1A-‘v[“1 _ Z[21Z[l1A-2411 _ Z[21Z[l1A-‘421, 

f (2.18b) 

where v)O1= 77, = /,\,e*(‘-“‘d{(s), v/l1 = j,‘,d{(s) and vj*1= lIrl(t - s)dl(s). 
Thus nt = Stvt, where VT = [v[OIP v/l]’ v/*]~]’ and where f f 

I 0 0 
St = @‘A-’ -Zr”A-1 0 1 . (2.19) 

Z1*1Z1’1A-2 _ Z121Z1’1A -2 _ Z[21Z111A - 1 
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It follows that Q = St(EufC/‘)$‘, where 

Qoo w[“f2 lF(T- W’l’)D 
Eo+u+’ = 

I r ( Ww?)’ 52 52/z > 

P(T- W~ll)i2;2l’ D/2 9/3 I 

(2.20) 

where fi = GP ‘RZCR’G-’ and where the (i, j) element of the p X p covari- 

ante matrix Qoo is given by Q,? = O,,[exp(A, +A,) - 11/(X, +x,). 

2.5. Initial conditions 

Because the system (2.1) is assumed to be stable, the initial conditions for 
the Kalman filter are the unconditional expectation of CX~ and its uncondi- 
tional covariance matrix. These are given by 

‘yilo= E (Tt)kR+y+= (I- T+)-‘R+y+, 
k=O 

(2.21a) 

(2.21b) 
k=O 

Because the roots of T’ have modulus less than one, I - T+ is invertible and 
the sum in (2.21b) is finite. The sum in (2.21b) (and the corresponding 
Lyapunov equation) can be simplified considerably because Tt is sparse. For 
example, the block of P[,, corresponding to (Y, has the (i, j) element, 
(P,lpR),, = -a,,/(A, + A]), i, j = 1, . . ., np. 

2.6. Extensions and alternatives 

This approach is readily extended to include additional deterministic or 
exogenous variables by replacing t7 in (2.1) with a time-varying function of a 
finite number of unknown parameters, say X(t; 8), where B is a parameter 
vector. In this case integrals of these exogenous or deterministic variables 
[such as appear starting with (2.5) for the special case that Gp’RX(t; 0) = 
Gp’R8 = p] enter the discrete time state transition equation. When X(t; ti) is 
a deterministic function of time, these integrals are typically straightforward 
(if tedious) to calculate. Bergstrom (1976,1983) and the references therein 
discuss various approximations that can be made when X(t; 0) is an exoge- 
nous random process. 
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The Kalman filter for the augmented state vector has been developed here 
using the eigenvector/eigenvalue decomposition of the continuous time state 
transition matrix. This facilitates obtaining explicit representations for eA as 
G e*G-‘, for the discrete time innovation covariance matrix Q, and for PI;. 
An alternative approach is to develop the filter for the system (2.3) without a 
preliminary linear transformation, in which case all matrices and variables are 
real-valued. The derivation parallels the one given here. This formulation 
makes it possible to adopt alternative methods for computing the matrix 
exponentials (and their integrals) that do not involve eigenvalue decomposi- 

tions; a variety of techniques for this purpose are examined by Van Loan 
(1978). For further discussions and linear filters formulated along these lines, 
see Melino (1985), Harvey and Stock (1988) and Zadrozny (1988). 

3. Extension to higher orders of integration 

The approach of section 2 can be extended to the case that one or more of 
the variables is integrated of integer order d. This entails (i) defining the 
multiple integrals of the state vector CITY+‘] (for flows) and CX~~] (for stocks) 
and (ii) writing the measurement equation in terms of the stationary discrete 
time process AdY,. 

We illustrate the approach for a univariate doubly integrated flow variable, 
so that the second difference of Y, is stationary and y(t) satisfies 

dDp-‘+$(t)= [a,D”-‘+‘y(t) + ..* +a,Ddy(t) +B]dt+d{*(t), 

(3.1) 

with d = 2. Let t*(t) = [D2y(t) . . . DP+‘y(t)]’ and let A denote the con- 
tinuous time transition matrix for the first-order system based on E*(t) as 
follows (2.3). As in section 2, suppose that A has the eigenvalue decom- 
position A = GAG-’ (with no zero roots by assumption) and define cu(t) = 
G-‘t*(t). To derive the measurement equation, let Z* = [lo . . . O]G and 

2;; _“~~_Z;~-~(;)Pdi.dad~l=Z*~~~=,-~~_~-*a(’)dsd~, and ai31 = 
7 P 

T * 1 s f 1 r f la r r s 7. ecause Z*a( r) = D’y( +r), these integrals 
reduce to 

a[‘]= Dy(t) - Dy(t - l), f (3.2a) 

a;‘]=y(r) -y(t - 1) - Dy(t - l), (3.2b) 

[31 = 
% / 

,;ty(T)dT-y(r-l)-iDy(f-1). (3.2~) 
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Next solve (3.2) for the stationary transformation of the observed flow 
variable: 

A2y,=A2/f ,(,)d7=A2~j31+A(yj2j1+t(Oljl]l+(yl~2). 
t-1 

(3.3) 

The augmented state vector CI: here consists of (Y, and of values at times t, 
t - 1, and t - 2 of ~$1, ‘~1~1, and ~11~1. The measurement equation relates these 

elements of the state vector to the (stationary) second difference of the 
observed flow variable according to (3.3). 

The discrete time state space model for CY~ is obtained by augmenting the 
transition equations for CX,, aj’], and CY~*] in section 2 (modified to use Z* 
rather than Ztl] and Zt*]Z[‘]) with the similarly obtained transition equation 
for (~j~l: 

J31 = z*@31cu,_ 1 + $31 + $31 
I I 7 (3.4) 

where y t3] = Z*Wr41p and ni3] = Z*/,‘,/,‘,/,“,l,‘,e*(“‘)dr(u)drdsdr. The 
matrices Wt3] and WL4] are obtained from the recursion I+‘[‘] = A -l( W[‘-‘] - 
Z/( j - l)!) for j 2 2.3 Finally, the additional elements of the error covariance 
matrix can be computed by expressing nj3] as a sum of single weighted 
integrals over d{(T), as was done in (2.18) for vi11 and TJ!*]. The initial 
conditions are obtained using (2.21). 

3To prove the stated recursion for W[/1, let 

W[‘l(~) =l’=,J:’ 
I 

~~~~U~Oe““~du, ,..du,, 
,-I=0 I 

and note that w”” = W[‘l(l) and that @J](T) = /UrEOW 
A~‘[wI’-~I(,) - IT’-‘/(j- l)!]. Then 

[‘-‘l(,)du. Suppose that M/[‘](T) = 

w”+“(7) =joTW[‘l(u)du 

=A-’ Jb@-l!(,)d 
[ 

u - IJU~UJ-’ du/( j - I)!] 

=A-‘[ W](T) - lT1/j!]. 

The recursion for W[J+“(r) (and thus for W [‘+I’) therefore holds for all j 2 2 if it can be shown 
for j = 2, which is readily shown by direct calculation. 
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4. Temporal aggregation and money as a predictor of output 

Work of Sims (1972,1980a, 1980b) and others suggests that money helps to 
predict output in a bivariate relation, i.e., money enters significantly into the 
equation for output in a discrete time bivariate vector autoregression (VAR). 

Two methodological arguments have recently been’ raised to suggest that 
these results might be misleading. First, Bernanke (1986) Eichenbaum and 
Singleton (1986) and Runkle (1987) have pointed out that finding Granger- 
causality in discrete time models is sensitive to how the apparent unit roots in 

these series are handled and to whether deterministic time trends are included 
in the specification. This raises the possibility that the inference that money is 
a useful predictor of future output - which is based on conventional asymp- 
totic distribution theory - might be overturned by a more careful examination 
of the ‘unit root’ properties of the series and the associated nonstandard 
asymptotic distribution theory. Second, Christian0 and Eichenbaum (1987) 
have suggested that perceived money-output causality might be the spurious 
product of another econometric pitfall, the use of time-averaged data at a 
coarser frequency than the true economic relationship. To address the first of 
these arguments, Stock and Watson (1989) examined the unit root and time 
trend properties of money and output and concluded that the deviation of 
money growth from a small but statistically significant time trend Granger- 
causes the growth of industrial production. Christian0 and Ljungqvist (1988) 

reached a similar conclusion using a different empirical approach. But the 
possibility remains that this result spuriously reflects the use of temporally 
aggregated variables in a discrete time approximation to an underlying contin- 
uous time relation in which money does not enter the reduced-form equation 
for output. 

We examine this possibility by estimating a continuous time bivariate 
VAR(2) of the form (2.1), in which zero roots are imposed in both the money 
and output equations. The continuous time analog of the discrete time 
hypothesis of Granger-noncausality is examined by considering the restriction 
that derivatives of money do not appear in the output equation, that is, that 
the bivariate system (2.1) is recursive with output ordered first. The data are 
monthly observations from January 1959 to December 1985 on Ml and the 
Index of Industrial Production (IP), both taken from the Citibase data base. 
Since the Ml data are monthly averages of daily figures and the IP index is a 
measure of output produced during the month, we treat both series as flows. 

Previous research on money-output causality has employed logarithms of 
these flow data. However, both frequency domain procedures and the Kalman 
filter algorithm developed above handle flows by specifying the variables in 
levels rather than logarithms. This poses a conflict, since a logarithmic trans- 
formation conveniently handles the heteroskedasticity and the deterministic 
components of the trend in aggregate variables. We take two approaches to 
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Table 1 

333 

Estimated continuous time bivariate Ml industrial production system; exponentially detrended 
data; 1960:1-1985:12.a 

+ - 108.25 
- 3.93 

B. Compurison of restricted cmd unresmricted systems 

Unrestricted 

Roots of discrete - 0.281 k 0.2381 
time transition 0.033 
matrix exp( A) 0.000 

SEE: A-V, 0.807 
Am, 0.381 

Log likelihood - 249.20 

Restricted 

- 0.254 + 0.231i 
0.015 
0.000 

0.813 
0.381 

- 252.17 

“The coefficients were estimated by maximum likelihood, with the likelihood function computed 
using the Kalman filter algorithm described in section 2. The continuous time transition matrix A 
is defined following (2.3). In the restricted estimation, the two coefficients on the derivatives of m 
entering the equation for y are set to zero. The method of exponential detrending is described in 
the text. The roots stated as 0.000 are positive but rounded to three decimals. 

this problem. The first approach uses multiplicative exponential detrending. 
Specifically, the estimated parameters from the regression equation In X, = 
CQ + a,t + (u,t2 + u, are used to construct a detrended series, x, = X, exp( - &it 
- ai2t2), where X, refers to Ml and IP.4 The continuous time model is then 
estimated using x, as data. Since Stock and Watson (1989) found that money 
and output are well described as being integrated but not cointegrated, first 
differences were used in the measurement equation to impose the zero continu- 
ous time roots. Let m, and y, denote the detrended variables associated with 
xt; then in the notation of section 2 the variables entering the measurement 
equation are A y, and Am,, with n = nEl = 2. In the second approach, the 
continuous time VAR’s are estimated using first differences of the logarithms 
of the data; these growth rates were linearly detrended (using OLS) prior to 
estimation in the continuous time model. 

4The r2 term was included because Stock and Watson (1989) found evidence of a deterministic 
time trend in Ml growth. An argument based on orders of magnitudes of the regressors and the 
error term shows that the OLS estimators of &i and 8, are consistent even if In X, contains a 
discrete time unit root. Christiano, Eichenbaum, and Marshall (1987) estimate these deterministic 
trends imposing the restriction that these coefficients are the same in both their series (consump- 
tion and income measures). However, there is no theoretical or empirical reason to believe that 
these deterministic components are the same in the case of Ml and IP. 
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Table 2 

Estimated continuous time bivariate Ml industrial production system; linearly detrended growth 
rates; 1960:1-1985:12.a 

A. Unrestricted system 

+ - 40.24 
0.49 -lb:::] [ z$Jdt+ [ zz:::;] 

Roots of discrete 
time transition 
matrix exp( A) 

SEE: A y, 
Am, 

Log likelihood 

B. Comparison of restricted and unrestricted systems 

Unrestricted 

- 0.199 * 0.037i 
0.081 
0.000 

0.0082 
0.0038 

2615.29 

Restricted 

- 0.053 0.046i ? 
- 0.008 0.008i + 

0.0083 
0.0039 

2612.67 

“Before estimation the data were transformed by taking the first differences of their logarithms, 
then computing the residuals from a regression of this series against a constant and a linear time 
trend. See the notes to table 1. 

The autoregressive coefficients of the unrestricted bivariate continuous time 
VAR(2) based on the exponentially detrended data are presented in table 1.5 
The table also contains summary statistics comparing the restricted and the 
unrestricted systems, where the restriction is that derivatives of m do not enter 
the equation for y. Both systems exhibit only modest serial dependence, with a 
pair of complex conjugate roots in their 4 x 4 discrete time transition matrix 
exp(A) and with two roots close to zero. The corresponding results for the 
linearly detrended growth rates data are given in table 2. Again, both systems 
exhibit small serial dependence. 

Discrete and continuous time VAR’s with money and output are compared 
in table 3. Using either the exponentially detrended data (panel A) or the 
linearly detrended growth rates (panel B), in all cases the hypothesis of 
Granger-noncausality is rejected at the 10% level. However, the marginal 
significance levels are greatest for the continuous time models, with neither 
continuous time specification rejecting noncausality at the 5% level. Using 
either data set, the in-sample predictive performance of the continuous and 
discrete models are comparable, with m being predicted somewhat more 

?he likelihood function was maximized using a combination of the DFP and steepest descent 
maximization algorithms. The programs were written in the programming language MATLAB. 
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Table 3 

Comparison of discrete and continuous time results; 1960:1-1985:12.a 

A. Exponentially detrended levels specificntion 

Granger causality 
test: p-value 

SEE(xlO-*) 

AY, Am, 

Discrete time models VAR(2) 0.0019 0.801 0.400 
VAR(4) 0.0001 0.787 0.391 
VAR(6) 0.0000 0.779 0.389 
VAR(12) 0.0016 0.785 0.382 

Continuous time VAR(2) 0.0515 0.807 0.381 

B. Linearly detrended log differences speciJication 

Granger causality 
test: p-value 

SEE(xlO-*) 

A Y, Am, 

Discrete time models VAR(2) 0.0027 0.812 0.402 
VAR(4) 0.0002 0.800 0.393 
VAR(6) 0.0001 0.793 0.390 
VAR(12) 0.0045 0.801 0.384 

Continuous time VAR(2) 0.0728 r 071 0.384 

“The discrete time systems are VAR’s estimated using A y, and Am,, including an intercept 
term; observations prior to 1960 were used as initial conditions. The continuous time result in 
panel A is for the VAR(2)‘s reported in table 1. The corresponding result in panel B is for the 
VAR(2)‘s in table 2. The SEE’s refer to the unrestricted systems. The p-values (i.e., marginal 
significance levels) for the Granger causality tests were computed using the usual F distribution 
for the discrete time VAR’s and using the asymptotic x2 distribution of the likelihood ratio 
statistic in the continuous time models. 

precisely and y somewhat less in the continuous time specification. Finally, 
comparing the results across models indicates that the use of the logarithmic 
or levels specification is less important than the choice of lag length and the 
use of a continuous or a discrete time specification. 

In summary, our findings lend some empirical support for the view that tests 
of predictive content may be affected by temporal aggregation. In the continu- 

ous time models of money and output, however, the hypothesis that money is 
not on the margin a useful predictor of output is still rejected at the 10% level 
of significance. 
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