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VAR, ERROR CORRECTION AND PRETEST
FORECASTS AT LONG HORIZONS

James H. Stock*

I. INTRODUCTION

The production of economic forecasts is an important way that econo-
mists contribute to day-to-day policymaking. This paper focuses on a
difficult but important aspect of economic forecasting, the construction of
forecasts over long horizons. A typical long horizon forecast of economic
activity might span four years using 20 to 40 years of data; a longer
horizon might span one or two decades based on a comparable data set.
In the extreme, some policy questions involve very long horizons indeed:
forecasts which enter the debate about global warming entail predictions
over horizons of 100 years.! A theme of this paper is that the presence of
persistence in the form of large, possibly unit autoregressive roots,
presents particular difficulties for long horizon forecasting. The technical
problem is that both the true long horizon conditional mean and the
standard formula for a valid prediction interval depend on the largest
autoregressive roots of the system, and that these largest roots cannot be
measured with sufficient precision to obtain asymptotically unbiased fore-
casts or prediction intervals with asymptotically correct coverage rates,
uniformly over the possible values of the largest roots.

Recently, related observations have been made by Phillips (1995) and
Stock (1995) using asymptotic arguments. Following those papers, we
adopt a definition of a long horizon which depends on the length of the
data set at hand. From a statistical perspective, a horizon of four years is
arguably ‘shorter’ with 100 years of data than with 20, in the sense that
the longer data set has more information about behaviour over four-year
spans. This idea is formalized by taking the horizon 4 to be a fixed
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'For example, Nordhaus and Yang (1995) consider global per capita income scenarios for
the years 2100 and 2200, and provide model solutions (consumption, income, optimal carbon
taxes, carbon emissions) through 2090. a horizon of 100 years (also see Manne and Richels,
1992).
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686 BULLETIN

fraction of the sample size: a long horizon is 4 =[T ], where [¢] denotes
the greatest lesser integer, where 4> 0.

This paper makes two new contributions relative to the recent litera-
ture. First, one focus here is on interval forecasts. It is shown that interval
forecasting at long horizons faces an additional difficulty beyond those
confronted by long horizon point forecasting. Second, we examine pretest
forecasts, in which the decision about modelling the number and location
of unit roots is based on pretesting for unit roots and/or cointegration. It
is argued that, although pretest (or model selection) forecasts can work
well when there truly is a unit root, in theory pretest forecasts can work
poorly for deviations from an exact unit root which are sufficiently small
that they often will not be detected even by efficient pretests.

Specifically, we consider three strategies for long horizon forecasting in
multivariate systems. In the first, forecasts are based on a vector autore-
gression (VAR) in levels, which is estimated by ordinary least squares
(OLS). In the second, forecasts are made using a vector error correction
model (VECM), in which the researcher specifies the number of unit
roots and cointegrating vectors, and the space in which the cointegrating
vectors fall, based on a priori knowledge. The VECM is then estimated
using efficient cointegration estimation techniques. In the third strategy,
unit root and cointegration pretests are used to ascertain the number and
location of unit roots in the system. Based on the results of this analysis,
either a VAR or a VECM is specified, and estimation proceeds as above
for each model. Forecasts and forecast confidence intervals are then
computed conditional on the number and location of the unit roots as
determined by the pretest. This pretest procedure more closely resembles
current practice than either the pure VAR or pure VECM strategies.

These three strategies are analyzed using asymptotic techniques.
Because efficient unit root tests have nondegenerate asymptotic power
functions against alternatives in a 7~' neighbourhood of one, these
asymptotics adopt the local to unity model in which the largest autore-
gressive roots are 1+O(T ") (cf. Bobkoski, 1983; Cavanagh, 1985; Chan
and Wei, 1987; Phillips, 1987). For these roots, an applied researcher
might consider the conventional unit roots/cointegration model to be a
satisfactory approximation to the true data generating process. In this
nesting, the estimated or imposed roots in these models are within
O,(T~") of the true roots, and the imprecision resulting from their esti-
mation is asymptotically negligible (to first-order) for short horizon point
or interval forecasts. Over long horizons, however, the error from estima-
tion of the largest roots is of the same order as the effect of future
disturbances, and this can result in substantially biased point forecasts
and prediction intervals with actual coverage rates far different than the
nominal coverage rate.

When there is a single large unit root in the system, the multivariate
forecasting problem effectively reduces to the problem of long-horizon
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VAR, ERROR CORRECTION AND PRETEST FORECASTS 687

forecating in a univariate AR(1) with a root local to unity. This case is
examined numerically for the three estimation strategies. In this simple
model, the pretest forecast based on a nearly efficient unit root pretest
proposed by Elliott, Rothenberg and Stock (1996) is found to produce
prediction intervals with fairly stable coverage rates as a function of the
forecast horizon and the largest root, if the largest root is no greater than
unity; forecasts based on a Dickey-Fuller (1979) pretest do less well by
this criterion. It must be emphasized, however, that these numerical
results do not pertain to the multivariate, multiple large root case more
relevant to practical forecasting. Thus these results do not provide an
endorsement of pretest forecasts or prediction intervals for long horizons
based on a multivariate system which has more than one large root.
Moreover, even in the univariate setting, pretest forecasts are discontin-
uous functions of the data, a property which is arguably undesirable in
practice.

The rest of the paper is organized as follows. The model, assumptions
and theoretical results for VARs and VECM s for 7 variables with k large,
possibly unit roots are presented in Section II. Asymptotic results for the
VAR, VECM and pretest forecasts are given in Section III, and theoreti-
cal results for prediction intervals are given in Section IV. Numerical
results are presented in Section V, and Section VI concludes.

Il. THE MODEL AND PRELIMINARY ASYMPTOTIC RESULTS

Suppose that the n-dimensional time series X, has k large autoregressive
roots. The sample consists of (X, ... , X7). It is convenient to order X, so
that the first k elements of X,, X,, are I(1) or nearly I(1) and not
cointegrated, while the remaining elements of X,, X, are cointegrated
with X;,. The model, written in triangular form, is,

Xu=p+V, (I-AL)V,=U, (1a)
X2,=ﬁ2+0X1,+U2,. (lb)

Note that in this specification no element of X, has a drift (a deterministic
time trend component).

The disturbances U,= (U1, U},)’ are assumed to follow a linear process
U,=B(L)g,, where ¢, is an n-dimensional martingale difference sequence
with 2+ 6 moments, >0 and with Eg,¢/=3. It is also assumed that B(L)
is invertible and one-summable, that is, 2 4j|B)| <0, where |M|=
max,, |M,,| for any matrix M. It is assumed that V; is O,(1).

In this representation, the k large roots of the system are contained in
A, and the disturbances in (1) are assumed to be integrated of order zero
(1(0)). Specifically, for the asymptotic analysis, we let A=I+C/T~
exp (C/T) (where exp () is the matrix exponential), where the roots of C
are finite (cf. Phillips, 1987). If A4 =1, this reduces to the standard cointe-
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688 BULLETIN

gration model in triangular form. This model generalizes the concept of
cointegration to the case that the elements of X, are individually highly
persistent, with roots nearly but not necessarily exactly one, but some
linear combinations are I(0). Elliott (1994) studied the properties of
efficient estimators of cointegrating parameters, in which 4=/ is
imposed, in this model for general C (with k=1).

The system (1) can be written as a restricted VAR,

X,=u+T[A0)X,_ +D(L)X, . +e, (2)

where I'=[I;, 0'] (where I, is the k xk identity matrix), u=RB(1)"'
[Bid—A4),  BY, DW)=RL'(I-BL)™), X=[(U-AL)X.)
(X—0X,)'] and e,=Rs,, where R is the n xn matrix with blocks R, =1,
R,=0, Ry =0, Ry=I,_«. (The derivation of (2) is sketched in the
appendix.) Note that in this representation X, is /(0) so that the only
nearly nonstationary regressor in (2) is X,_;. When referring to the VAR
form, it is assumed henceforth that D(L) has finite order p—1 so that in
levels X, follows a VAR(p).

The next theorem provides an asymptotic approximation to the distri-
bution of X7, conditional on Xr. Because A is nearly one, X7 and X7,
are O,(T'?) and the results are presented after scaling by T~ Let A<
denote the maximum horizon 1 as a fraction of the sample size under
consideration. Throughout, we adopt the notation X, s =EX H{X,}, r<s).

Theorem 1

Suppose that |C|< oo and B(L) is one-summable. Then:

(@) T~ X7, (7, —TAYT "X 7= T$(4) and T~ X7 iryr—TATIT X, 1
2,0 uniformly in 4, 0<i<i, where ¢(4)=J(1+7)
—exp (CA)J(1), where dJ.=CJ.+[I,0]B(1) dW, where W is a n-
dimensional Brownian motion with covariance matrix Z.

(b) For 1 fixed, the distribution of T~"Xy,r,; conditional on
T-'°X,;,=x is asymptotically N(I exp(CA)x,V(4)), where
V(4) =T {fi-0 exp (Cs)Q, exp (Cs)’ ds}T’, where Q=B(1)ZB(1)".

The proof is sketched in the Appendix.

Because X, is cointegrated with X, the long-horizon conditional
expectations of X;, and X, are asymptotically equivalent, up to the matrix
of cointegrating coefficients 0. Thus the joint conditional distribution of
T-"2Xr,, is degenerate, with the limiting covariance matrix V() having
rank k.

II1 VAR, VECM, AND PRETEST FORECASTS
1. VAR and Cointegration Forecasts

Two conventional estimators of VAR coefficients in systems such as (2)
are by OLS in levels and using an asymptotically efficient cointegration
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VAR, ERROR CORRECTION AND PRETEST FORECASTS 689

estimator such as Johansen’s (1988) method. With Gaussian disturbances,
the two estimators have maximum likelihood interpretations, in the first
case with no restrictions on the magnitude or location of the roots, in the
second case imposing & unit roots and the existence of n—k cointegrating
vectors.

Although both methods yield consistent parameter estimators in the
local-to-unity model (Elliott, 1994), their long-term forecasts differ by
O,(T"). First consider the unrestricted levels VAR estimator. The device
of rearranging the VAR regressors used in Sims, Stock and Watson
(1990) for the case C=0, extended to the local to unity case as in Stock
(1991) and Elliott (1994), can be used to obtain a limiting representation
for T(AY*R —I)=CY*R where AV*R is the VAR estimator of 4. The
expression for this representation is inconsequential for the development
here so we simply denote this limit as CY*R = CYAR, Let X¥4% ; denote the
VAR forecast of Xr,, and let ey2h(h) denote the VAR forecast error, so
ek (h)=Xr, — X7 7. Then T~"2X,7=J.(1) and,

T-"2XY¥4R r= T exp (CVAR3)J.(1) (3)
T~ "efff(h) =T {exp (C2) —exp (CV*RA)}.(1) + Tp(2) 4)

for h=[T/4], where ¢(4) and CV*R are independent.

Next consider forecasts made using an efficient cointegration estimator
in which 4 is set to the identity matrix. For example, this would be
obtained by applying Johansen’s (1988) algorithm (with a constant term)
after imposing n-k cointegrating vectors. An asymptotically equivalent
estimator is obtained in the triangular form (la,b) imposing A=I; cf.
Stock and Watson (1993). These estimators of 6 are T-consistent even if
A=I+C/T (see Elliott (1994) for the k=1 case). Accordingly, for h = [T4]
the long horizon forecast and forecast error based on an efficient cointe-
grating estimator have the limits:

T-"2X¢ =TI (1) (5)
T~ "%t (h) =T {exp (C1)—I}.(1) + Tp(A). (6)

An important implication of the expressions (3)—-(6) is that the treat-
ment of A results in different asymptotic behaviour of the long-horizon
forecasts. To see this, consider the case C=0, so the first term in
(6) drops out and T~ "%ef,(h)=T¢(2). Similarly, T Ze}R(h)=>
F{I—exp (CY"*HH(1)+T¢(4). Because ¢(4) is independent of
(CYAR, J.(1)), the levels VAR forecast error has a larger variance than the
cointegration forecast error. Because the cointegration forecast is
unbiased when C=0, in this case the VAR forecast has a larger root
mean square error (RMSE) as well. Evidently, the first order asymptotic
performance of the long-horizon forecast depends on the estimation
method, a feature that distinguishes the long-horizon/nearly I(1) forecast-
ing problem from the usual short-horizon problem.
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690 BULLETIN

Because the VAR forecast is an odd function of the data, if the
disturbances are distributed symmetrically around zero then the VAR
forecast is unconditionally unbiased (cf. Magnus and Pesaran (1991)).
However, the roots of the VAR estimator of 4 will be biased towards
zero so the forecasts are pulled towards zero. Thus a more useful concept
for forecasting is bias conditional on X,7>0 or, more strongly, bias condi-
tional on X7 (cf. Phillips, 1979). Throughout, when we refer to a forecast
being biased, it is meant that it is biased conditional on X;7=>0. In this
sense, when C=0 the VAR forecast is biased towards zero, although the
cointegration forecast is not.

If C#0, then both the levels VAR and cointegration forecasts are
biased. Numerical results on their root mean squared errors are
presented in the next section. Because C is rarely known to be precisely
zero on a priori grounds, these results suggest investigating alternative
forecasting procedures with reduced bias.

2. Pretest Forecasts when k=1

In practice a cointegration estimator is used after pretesting for unit roots
and/or cointegration. When k>1, the sequence of unit root and cointe-
gration pretests is rather involved and many options are available. To
sharpen the results, we therefore focus on the case k=1. Specifically,
suppose that the hypothesis of a unit root in X), is tested, and let 6r=1 if
the pretest rejects the unit root null and =0 otherwise. In this strategy, if
8r=0 then C=0 is imposed, but if 57=1 then the VAR estimator of C is
used. This yields the pretest estimator,

CPRE — 5TCVAR. (7)

Under the local-to-unity model, if the size of the test is fixed, then
(67, C¥*R)= (3, C¥AR) (say), where 6 is a limiting Bernoulli random
variable which equals one with unconditional probability equal to the
power of the pretest. The random variables 6 and CVAR are in general
dependent. The limiting representation of 6 depends on precisely which
unit root pretest is used (for examples see Stock, 1994).

The forecast and forecast error based on the pretest estimator have the
limits,

T~'"2XRE =T exp (5CV " 2)J(1) (8)
T~ "2efRE(h)=T {exp (C1)—exp (BCVARDIA1) +TP(4) %)
for h=[T 1], where ¢(/) is independent of (8, CVA¥).

IV. ASYMPTOTIC COVERAGE RATES OF PREDICTION INTERVALS

The conditional distribution of X, given X7, presented in Theorem 1, is
approximately normal for A large but depends on C both in its mean and
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its variance. Were C consistently estimable, then prediction intervals
could be formed using consistent estimates of the mean and variance, and
these would be valid to first-order asymptotically. However, C is not
consistently estimable. Moreover there appears to be no pivot for Xr,,
given X7 which is valid asymptotically. Thus conventional methods for the
construction of prediction intervals are not applicable in the long-horizon
forecasting problem when A is local to unity.

Expressions for true coverage rates of standard prediction intervals can
be obtained from the previous results. Consider the case of forecasting a
linear combination of Xr,,, say b'X;,, for h= [T2). For A fixed, the
conventional 68 percent prediction . interyal for Q’Xn,, _is
b'Xr w7+ T[b'V(h/T)b]"" +0,(1), where V(1) =T{f}{ exp (C(/.—5))Q,,
exp (C(A—s)) ds}I”, where (C, I, Q) are estimators of (C, T, Q). As
discussed in Section II, MLEs of I' and €, are consistent (for finite C ) if
A=I, is imposed. A consequence of Theorem 1 is that the coverage rate
of a ‘ +one standard deviation’ prediction interval based on some estima-
tor C, when C = C (say), is,

P[b' X7y €(B" Xy wnyr—T"[b'V(WT)B], b Kr o7+ THB V(W TIB])]
= EO[v(4) +1(4)] —E®[v(1) — 1(1)] (10)

where ®@(e) is the cumulative normal cdf, v(/})=b’l"[exp_((:’ Ay—
exp (CA(1)/[b'V(4)b]"™, and 1(1)*=[b'T{f;-, exp (Cs)Q, exp (Cs)' ds}
I"b}/b'V(2)b, where the expectation is taken over the joint distribution of
(Je(1), C).

Evidently, the true asymptotic coverage rate in (10) will not in general
be the nominal rate (here, 68%). The distortions arise from misestima-
tion of both the conditional mean and the variance.

An implication of these results is that prediction intervals for X5, will in
general not have the desired coverage rate, even if X, is strictly
exogenous. This contrasts with the problem of constructing confidence
intervals for the cointegrating coefficients 0 based on the cointegrating
MLE, which have the desired coverage rates even if 4 is local-to-unity as
long as X7 is exogenous.

V. NUMERICAL RESULTS

This section presents numerical results on the performance of the alterna-
tive point and interval forecasts discussed in the preceding sections. All
results are for the univariate AR(1) version of (1a) with p1=0, so that X,
obeys,

X,ZaXp_]+81 (11)

where ¢, is N(0, 1) and «=1+C/T. Because the short-run dynamics do not
affect long-horizon forecasts and because the forecasts of X' 17+n and Xo7,y,
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are equivalent to order O,(1), the asymptotic results suggest that qualita-
tively similar findings would obtain for forecasts in a VAR of general
order with a single large root.

Six alternative long-horizon forecasts were considered. All apply to the
case that a constant (but no time trend) is included when the largest root
is estimated; however, consistent with (11) and with the treatment in
Sections II-1V, this constant is set to zero when forecasts are made. Thus
for example the OLS forecast is &"71x.. where a* is OLS estimate of «
obtained by regressing X, on (1, X,_;). Similarly, the unit root pretests are
computed in the case that a constant enters the regression (the
‘demeaned’ case); if the statistic rejects, the OLS forecast 471 is used,
while if it fails to reject, the random walk forecast X7 is used.

The six forecasts examined are: (1) the OLS levels forecast; (2) the
random walk forecast, which imposes the unit root in X,; (3) the forecast
based on the pretest estimator with a 5 percent Dickey—Fuller (1979)
t-test for a unit root; (4) the pretest forecast based on a 10 percent
Dickey—Fuller -test; (5) the pretest forecast based on the 5 percent DF-
GLS t-test proposed by Elliott, Rothenberg and Stock (1996); and (6) the
pretest forecast based on a 10 percent DF-GLS ¢-test. The motivation for
considering the DF-GLS test is that it has higher asymptotic power than
the standard DF test in the ‘demeaned’ case and effectively achieves the
asymptotic power envelope; it is worth considering the possibility that a
more efficient pretest might improve the performance of the pretest
forecast. Note that the random walk forecast is the univariate counterpart
of the cointegration forecast discussed in Section IL. As a basis of
comparison, the infeasible forecast based on the true value of a, «"X7,
was also computed.

Simulations were performed for various values of « and various
horizons using T= 100 observations, with 20,000 Monte Carlo replications
for each value of (x, 4). For each draw, prediction intervals were
computed as a conventional ‘+one standard deviation’ interval as
discussed in Section IV; that is, once x was estimated, prediction intervals
were computed using the estimated value of «.

Table 1 presents the RMSE of each of the four forecasts for various
horizons and various values of «, relative to the RMSE of the infeasible
forecast which would be made were a known. When «=1, the random
walk estimator imposes the correct value of , so in this case the ratio of
RMSE’s is exactly one. In all other cases, the ratio exceeds one, although
not necessarily to the three digit accuracy of the table. Most of the cases
in Table 1 pertain to large roots and fairly long horizons. However, to
facilitate comparison to the more familiar stationary/short horizon case,
results are also reported for C=—20 and 4=0.02, which correspond to
«=0.8 and h =2 for T=100.

The results in Table 1 accord with the predictions of the theory. For
the smallest values of «, the OLS forecast has lower RMSE than the unit
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TABLE 1
Relative Root Mean Square Error of X r+hi7—Xr+n for Various Forecasts, T =100

Entnes are ratio of forecast error RMSE based on estimated
2 to forecast error RMSE based on true

Forecast
DF Pretest DF-GLS Pretest
Random _— _—
% OLS Walk 5% 10% 5% 10%
A Horzonh=2(,=002)
080 1005 1102 1027 1015 1007 1005
090 1010 1054 1049 1043 1029 1.019
0.93 1015 1.033 1038 1.039 1036 1027
0.95 1.016 1026 1029 1033 1033 1028
097 1034 1017 1030 1035 1028 1.032
098 1047 1010 1025 1033 1020 1024
099 1.073 1.004 1022 1032 1013 1019
1.00 1.117 1.000 1028 1.042 1.007 1.012
101 1193 1033 1058 1072 1.038 1043
102 1219 1419 1426 1431 1422 1424
B  Hornzon h=10(/.=010)
080 1.003 1348 1.091 1043 1011 1004
090 1014 1226 1.190 1160 1104 1058
093 1021 1158 1149 1136 1115 1.083
095 1037 1121 1121 1123 1116 1099
0.97 1066 1.072 1.085 1093 1085 1089
098 1104 1048 1067 1080 1.062 1.072
099 1181 1019 1051 1073 1033 1048
1.00 1331 1000 1.056 1091 1013 1025
101 1579 1151 1197 1228 1160 1169
102 1777 2 469 2476 2482 2471 2474
C  Horizon h=20 (s =020)
080 1000 1 406 1102 1049 1014 1002
090 1.008 1340 1282 1241 1159 1079
0.93 1.018 1276 1.252 1232 1192 1136
0.95 1033 1.212 1205 1.197 1.183 1149
097 1057 1139 1143 1144 1142 1136
098 1101 1090 1100 1110 1098 1103
099 1186 1040 1064 1081 1049 1060
100 1405 1000 1.051 1088 1.011 1021
101 1796 1285 1323 1353 1291 1298
102 2244 3343 3347 3352 3345 3347
D Horzon h=50(;=050)
080 1000 1.422 1.108 1049 1012 1002
090 1001 1.405 1339 1.289 1.186 1.091
093 1007 1385 1351 1318 1264 1177
095 1.031 1347 1331 1315 1294 1237
097 1043 1271 1262 1253 1254 1232
098 1086 1211 1206 1202 1206 1199
099 1173 1.101 1107 1113 1102 1105
100 1488 1000 1028 1051 1004 1.010
101 2.131 1610 1628 1645 1612 1616
1.02 3269 4979 4980 4982 4979 4980

Notes Computed by Monte Carlo simulation with T=100 observations for the Gaussian AR(1) model
(20,000 replications) The forecasting methods are discussed n the text
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root forecast, and the OLS forecast is almost as efficient as if « were
known. Also, for the shortest horizon (1=0.02), for values of a<1, the
RMSEs of all six forecasts are similar. However, as A increases the
features predicted by the theory emerge. For example, for « nearly one,
the random walk forecast has lower RMSE because of the bias in the
OLS estimator. The values of C=T(x—1) for which the random walk
forecast has lower RMSE are approximately —2<C <1, depending on
the horizon.

The RMSEs of the pretest forecasts reflect their tendency to use the
random walk forecast when C is nearly zero and the OLS forecast when
C<0. The performance of the DF pretest forecasts is worst when
C= —10, in which case the OLS forecast has substantially lower RMSE
than the random walk forecast but the unit root null is rejected with
relatively low probability. The 10 percent DF pretest forecast outperforms
the 5 percent pretest forecast for all C except —3<C<1 (approximately),
and the performance of the two forecasts is fairly close even in this range.

For almost all values of C, the DF-GLS pretest forecasts have lower
RMSEs than the DF pretest forecasts. Our interpretation of this finding
is that the improved performance of the DF-GLS pretest forecast stems
from the better power of the DF-GLS unit root test. The OLS forecast
has a lower RMSE than the unit root forecast for C < —3; the greater is
the power of the pretest, the more likely is the pretest procedure to use
this better-performing OLS forecast. On the other hand, because size is
controlled, both the DF-GLS and DF pretest forecasts tend to choose
the random walk forecast for C nearly zero, so the two procedures
perform similarly for —2<C<0.

The differences among the forecasts becomes stronger as the horizon
increases. It is noteworthy, however, that even at the relatively short
horizon of 10 percent of the sample the RMSEs can differ by as much as
20 percent. At the horizon of 50 percent of the sample, the 10 percent
DF-GLS pretest forecast is the only one to have a relative RMSE
uniformly under 1.25 for C <0, and its RMSE is less than those of the DF
pretest forecasts for all C considered.

Coverage rates for prediction intervals are reported in Table 2. As in
Table 1, the results accord with the theory. For small values of «, the OLS
forecast interval coverage rates approach the desired 68 percent, but for
« nearly one or greater than one, the OLS intervals have very low
coverage rates indeed, particularly at long horizons. Similarly, the random
walk intervals are far too wide when « is in fact much less than one, but
perform relatively well when o is nearly one. Perhaps the most striking
result in Table 2 is that the DF-GLS prediction intervals have coverage
rates which are approximately constant and are only slightly below the
nominal coverage rate for a wide range of C<0. In contrast, the DF
pretest coverage rates, while better than the OLS or random walk
coverage rates, still depend fairly strongly on C. In particular, the DF
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Asymptotic Coverage Rates of Nominal 68% Prediction Intervals, T =100

Entnies are the probabulity that the h-step ahead prediction nterval computed as
Xronrtone standard deviation, using the estimated value of x, contains X. ek

TABLE 2

695

Forecast
DF Pretest DF-GLS Pretest
Random
x OLS Walk 5% 10% 5% 10%
A Horzonh=2(,=002)
0.80 0.620 0703 0620 0619 0620 0620
090 0635 0.692 0656 0644 0636 0.633
093 0639 0696 0670 0658 0648 0639
0.95 0.638 0.681 0667 0658 0649 0641
0.97 0636 0.687 0674 0 666 0664 0655
098 0628 0684 0670 0660 0.666 0.656
0.99 0618 0.681 0669 0661 () 668 0661
100 0598 0676 0661 0652 0 668 0661
101 0572 0.661 0650 0643 0655 0651
102 0572 0512 0.508 0504 0509 0507
B Horzon h=10(,=010)
0.80 0629 0.865 0633 0627 0.629 0628
090 0613 0781 0686 0651 0.619 0.609
093 0598 0756 0698 0665 0625 0599
095 0.580 0732 0693 0664 0631 0595
097 0556 0712 0681 0659 0646 0609
0.98 0544 0705 0676 0655 0.657 0627
099 0502 0693 0667 0647 0657 0630
1.00 0.455 0680 0654 0634 0658 0640
1.01 0386 0.591 0577 0565 0578 0565
102 0350 0286 0280 0275 0.278 0273
C  Honzon h=20(; =0 20)
080 0.626 0952 0645 0629 0627 0626
0.90 0.600 0 865 0733 0676 0616 0598
093 0585 0.822 0741 0692 0633 0590
095 0556 0786 0733 0694 0642 0587
0.97 0.528 0 746 0.708 0680 0657 0605
098 0491 0731 0696 0.668 0.662 0615
099 0.447 0704 0673 0 649 0657 (622
100 0382 0684 0656 0634 0654 0630
1.01 0290 0.516 0501 0487 0501 0485
102 0235 0189 0184 0178 0180 0171
D Horuzon h=50(+=050)
0.80 0629 0998 0.658 0636 0630 0629
090 0604 0.974 0811 0739 * 0.651 0613
0.93 0.585 0944 0843 0777 0686 0615
0.95 0548 0898 0829 0777 0700 0613
0.97 0503 0837 0788 0751 0712 0632
098 0450 0786 0743 0710 0.693 0625
099 0386 0743 0707 0677 0681 0631
1.00 0.285 0681 0650 0626 0644 0611
101 0168 0.364 0.350 0338 0345 0327
102 0108 0087 0083 0.080 0.079 0073

See the notes to Table 1
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pretest coverage rates are typically too tight (and are centered in the
wrong place) for « exceeding one and are too wide for C approximately
—10, a value of C for which the pretest forecast often incorrectly picks
the random walk model.

The asymptotic theory predicts that the distortions in Tables 1 and 2
will persist as the sample size increases, when the local to unity parameter
C is held constant. This is verified in Table 3 (relative RMSEs) and Table
4 (coverage rates) for selected values of C for 500 observations. A
comparison of the corresponding rows of Tables 1 and 3 (e.g. «=0.9 in
Table 1, C= —10 in Table 3), and of Tables 2 and 4, demonstrates close
agreement between the results for 7=100 and T =500, confirming this
aspect of the asymptotic theory.

TABLE 3
Relative Root Mean Square Error of Xy i1 — Xt for Vanous Forecasts, T =500

Entries are ratio of forecast error RMSE based on esnmated
x to forecast error RMSE based on true x

Forecast
DF Pretest DF-GLS Pretest

Random _— _—
C OLS Walk 5% 10% 5% 10%

A Hornzon 7.=002
-10 1013 1048 1046 1043 1031 1022
-5 1.022 1023 1031 1035 1029 1031
-3 1031 1015 1023 1028 1021 1022
-2 1046 1008 1018 1026 1014 1018
0 1129 1000 1030 1046 1003 1006

B Horizon ;=010
-10 1014 1206 1177 1153 1103 1059
-5 1039 1.111 1113 1114 1110 1102
-3 1066 1074 1083 1088 1081 1082
-2 1108 1044 1061 1074 1053 1059
0 1335 1000 1055 1093 1006 1012

C Horzon } =020
—10 1009 1322 1273 1233 1165 1.090
-5 1.031 1206 1197 1191 1188 1167
-3 1066 1136 1137 1136 1139 1135
-2 1103 1093 1100 1107 1096 1100
0 1402 1000 1047 1084 1006 1012

D Honzon ;=050
—-10 1001 1.421 1356 1304 1210 1109
-5 1027 1352 1335 1320 1311 1266
-3 1050 1272 1265 1256 1264 1250
-2 1102 1205 1201 1197 1202 1199
0 1441 1000 1027 1053 1003 1 006

See notes to Table |
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VI. DISCUSSION AND CONCLUSIONS

The numerical results indicate that the magnitude of bias of VAR and
VECM point forecasts, and of the distortions of their associated coverage
rates, can be substantial, even for horizons of only 10 percent or 20
percent of the sample size. These findings can be interpreted either from
an asymptotic or finite sample perspective. From an asymptotic perspec-
tive, under the local-to-unity nesting these distortions persist even with
arbitrarily large sample sizes. From a finite-sample perspective, the results
were computed for an AR(1) with 100 observations and thus they can
alternatively be viewed as indicative of problems that arise with roots of,

TABLE 4
Asymptotic Coverage Rates of Nominal 68% Prediction Intervals, T =100

Entnies are the probability that the h-step ahead prediction interval computed as
XrinrTone standard deviation, using the estimated value of x, contains Xr,,

Forecast
DF Pretest DF-GLS Pretest
Random _— _
1 OLS Walk 5% 10% 5% 10%

A Horizon 7.=002
—-10 0653 0705 0675 0663 0655 0651
-5 0644 0692 0677 0667 0663 0652
-3 0.644 0686 0675 0669 0672 0664
-2 0.631 0685 0674 0667 0674 0.667
0 0608 0682 0 668 0 660 0677 0674

B Horzon ;=010
-10 0614 0789 0.694 0655 0623 0608
-5 0588 0739 0701 0673 0654 0617
-3 0565 0718 () 688 0 668 0669 0638
-2 0540 0702 0676 0658 0.668 0642
0 0461 0682 0659 0640 0668 0656

C  Horizon /) =020
-10 0607 0870 0743 0687 0628 0605
-5 0556 0.791 0739 0698 0664 0604
-3 0529 0755 0718 0688 0685 0637
-2 0495 0731 0699 0675 0682 0643
0 0380 0678 0652 0632 0660 0643

D Honzon /=050
-10 0617 0975 0827 0753 0670 0628
-5 0554 0 898 0832 0779 0733 0648
-3 0499 0.838 0.791 0751 0742 0672
-2 0453 0795 0755 0723 0726 0668
0 0289 0684 0656 0631 0 660 0637

See notes to Table 1
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for example, 0.9 with that sample size. These conclusions are similar in
spirit to those drawn from recent work on testing values of long-run
parameters, specifically that the lack of knowledge of whether the largest
autoregressive root is exactly one introduces substantial difficulties for
inference. Moreover, if the exact unit root model is imposed, hypothesis
tests on long-run parameters can have coverage rates differing substan-
tially from those in finite samples; cf. Elliott (1994) and Cavanagh, Elliott
and Stock (1995).

One practical implication of this work is that pretest forecasts and
intervals are arguably preferable to the OLS/VAR estimator if there is
reason to believe that the largest roots are close to one. The DF-GLS
pretest forecasts generally outperform the DF pretest forecasts. In
addition, coverage rates of DF-GLS pretest prediction intervals were
found to be fairly constant across different values of C<0; for C<0, the
nominal 68 percent interval based on the 10 percent DF-GLS pretest has
an asymptotic coverage rate of approximately 60 percent for forecast
horizons up to 50 percent.

These results therefore provide a cautious endorsement of pretest fore-
casts and intervals if they are based on an efficient pretest and if the
researcher has reason to believe that the largest root is at most unity. It
should be emphasized, however, that these results strictly apply only to
the univariate AR(1) model, and the performance of pretest forecasts
could deteriorate substantially in multivariate models and/or with lag
structures typically found in empirical work.

Although the pretest procedures considered here focus on tests with
fixed size, the results are informative about forecasts based on consistent
model selection strategies, which can loosely be thought of as pretests
with critical values that depend on the sample size. For a model selection
strategy to be consistent, the size of the pretest must go to zero as T— .
It follows that, asymptotically, a consistent model selection procedure will
classify a root local to unity as exactly unity with probability tending to
one; that is, it will pick the VECM model asymptotically for all finite C.
Thus the random walk columns of Tables 1-4 can be reinterpreted as
numerical approximations to the asymptotic performance of a consistent
model selection algorithm. Evidently, long horizon forecasting with
consistent model selection produces point forecasts which can have large
asymptotic RMSEs and prediction intervals which are far wider than
desirable, depending on the true value of C. At issue is the subtle point
that, although consistent model selection procedures asymptotically
choose the correct model for any fixed value of 4, they do not select the
correct model uniformly in A. This pitfall of long horizon forecasting
using a consistent model selection algorithm parallels the failure of
consistent model selection procedures to produce tests of long-run para-
meters which control size uniformly in A4 (cf. Elliott and Stock (1994)).
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APPENDIX
Derivation of (2)
Premultiply (1a) by (/—AL) and use the definition of X, to write,

X =p+U, (A1)
where p=[pi(I—A)’ B3]’. Next premultiply (Al) by B(L)™' and
rearrange terms to obtain,

Xy =ju+AX -+ O1DL)X, i +é, (A2a)
Xp= o+ 06X, +[0 L_ JD(L)X,_ + ey (A2b)

where i=B(1)"'p and D(L)=L"'(I—B(L)™"). The expression (2) obtains
by substituting (A2a) into (A2b) and collecting terms.

Proof of Theorem 1
(a) Using (1a) and (I —AL)V,=U,,, we have,
T2X 7,y =A"T "X 7+ ¢pr(h) + mz(h) (A3a)
T X =0T "X 7+ T PUsr s (A3b)

where mp(h)=T""Z/; A (I-A)p and ¢r(h)= T 220 AU r1h--
Substitute #=[T4] into (A3) and consider the various terms. Note that
AT =T +C/T)" > exp (CA).

First, |m((TA]) <k*T~"[TA] (maXos, <ir| 4D — A1 )| <KT'|1
(I+C/T)|, where K=k*Asupo<,<;|exp (CA)| pil. The assumptions of the
theorem imply K < oo; because T"?|C/T| — 0, m7([TA])—0 uniformly in R
0<i<i

Second, for B(L) one-summable and |C|<co, standard local to unity
asymptotic results imply that J. r=J,, where J.r(s) =T~ "ZIF Ay,
Now  ¢r([TA))=J.r(1+4)—ATY, 7(1) =J(1+ 1) —exp (CA)J(1) = d(4)-
Also note that T"”Uzrﬂr,] 2,0 for B(L) one-summable. All these limits
are uniform in 4, 0<A< /.

Combining these results, we have,

T=2X 1 s —ATNT=V2X = () (Ada)
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T~ X7 o4 — 0T~ X171y 550 (Adb)

for h=[T4], uniformly in 2, so that T-'"2X;,,—TA"T="2X .= T¢(1)
uniformly in 4.

(b) This follows from part (a) and from writing ¢(4)=
§s2{ exp (C(1+ A—s))Q dW(s), where Q=[l, 0]B(1). Evidently, for fixed
4, @(4) is distributed N(0, fsexp (C(1—s)QZEQ’ exp (C(4i—s)) ds), and
the expression for the limiting conditional distribution of 72X, follows.

Also note that ¢(4) is independent of {W(s), 0<s<1} and thus of
{J(s), 0<s<1}. It follows in particular that statistics which have a
limiting representation solely in terms of W(s), J.(s), 0<s<1, and
nuisance parameters are asymptotically independent of ¢(4). Such statis-
tics include C¥® and the unit root pretests discussed in Section IIL
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